On the characterization of non-oscillatory motions in ferromagnetic convection with magnetic field dependent viscosity in a rotating porous medium  by Prakash, Jyoti
Journal of the Egyptian Mathematical Society (2014) 22, 286–291Egyptian Mathematical Society
Journal of the Egyptian Mathematical Society
www.etms-eg.org
www.elsevier.com/locate/joemsORIGINAL ARTICLEOn the characterization of non-oscillatory motions
in ferromagnetic convection with magnetic ﬁeld
dependent viscosity in a rotating porous medium* Tel.: +91 9418458026.
E-mail address: jpsmaths67@gmail.com.
1110-256X ª 2013 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
http://dx.doi.org/10.1016/j.joems.2013.07.012
Open access under CC BY-NC-ND l
Open access under CC BY-NC-NJyoti Prakash *Department of Mathematics and Statistics, Himachal Pradesh University, Shimla 171005, IndiaReceived 11 December 2012; accepted 24 July 2013
Available online 14 September 2013KEYWORDS
Ferroconvection;
Principle of exchange of sta-
bilities;
Rotation;
Porous medium;
Magnetic ﬁeld dependent
viscosityAbstract In the present paper, a sufﬁcient condition is derived for the validity of the ‘‘principle of
the exchange of stabilities’’ in ferromagnetic convection with magnetic ﬁeld dependent viscosity, for
the case of free boundaries, in porous medium in the presence of a uniform vertical magnetic ﬁeld
and uniform rotation about the vertical axis.
MATHEMATICS SUBJECT CLASSIFICATION: 76E25; 76W05; 76E06
ª 2013 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
D license.1. Introduction
Ferroﬂuids are colloidal suspensions of ﬁnite magnetic mono-
domain nanoparticles in non-conducting liquids like ester,
hydrocarbon, and water. Ferroﬂuids are not found in nature
but are artiﬁcially synthesized. In the last Millenium, the inves-
tigation on ferromagnetic ﬂuids attracted researchers because
of the increase in applications in area such as instrumentation,
lubrication, vacuum technology, vibration damping, metals
recovery, and acoustics. Some of the applications of ferroﬂuids
are magnetic drug targeting hyperthermia, contrast enhance-
ment of magnetic Resonance Imaging (MRI), novel zero-leak-
age rotary shaft seals used in computer disk drives, pressure
seals for compressors and blowers, etc. [1–3].
Experimental and theoretical physicists and engineers gave
signiﬁcant contributions to Ferrohydrodynamics [3]. Anauthoritative introduction to the research on ferroﬂuids has
been discussed in detail by Rosenweig [1]. This book reviews
several applications of heat transfer through ferroﬂuids. One
such phenomenon is enhanced convective cooling having a
temperature dependent magnetic moment due to magnetiza-
tion of the ﬂuid. This magnetization, in general, is a function
of magnetic ﬁeld, temperature, and density of the ﬂuid. Any
variation in these quantities can induce a change of body force
distribution in the ﬂuid. This causes a convection in ferroﬂuids
in the presence of magnetic ﬁeld gradient. This mechanism is
known as ferroconvection, which is similar to Benard convec-
tion [4]. Finlayson [5] investigated convective instability of a
ferroﬂuid layer heated from below in the presence of a uniform
vertical magnetic ﬁeld by using linear stability theory and pre-
dicted the critical temperature gradient for the onset of convec-
tion when both buoyancy and magnetic forces are considered.
Thermoconvective stability of ferroﬂuids without considering
buoyancy effects has been studied by Lalas and Carmi [6],
whereas Shliomis [7] studied the linear relation for magnetizedicense.
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experimentally investigated the problem of Finlayson in the
case of a strong magnetic ﬁeld and detected the onset of con-
vection by plotting the Nusselt number verses the Rayleigh
number. Later, this problem was extended by Stiles and Kagan
[9] to allow for the dependence of effective shear viscosity on
temperature and colloid concentration. The Benard convection
in ferromagnetic ﬂuids has been considered by many research-
ers [10–17]. Investigations have also been carried out to ana-
lyze ferroconvection in enclosures [18,19].
In recent years, many researchers [20–23] have shown their
keen interest in analyzing the onset of ferroconvection in a
ﬂuid layer subjected to a vertical temperature gradient in a
porous medium owing to its importance in controlled emplace-
ment of liquids or treatment of chemicals and emplacement of
geophysically imageable liquids in to particular zones for sub-
sequent imaging.
Thermal convection in ferroﬂuids is gaining much impor-
tance due to their astounding physical properties. One such
property is viscosity of the ferroﬂuid. The effect of a homoge-
neous magnetic ﬁeld on the viscosity of the ﬂuid with solid par-
ticles possessing intrinsic magnetic moments has been
investigated by Shliomis [24]. The effect of magnetic ﬁeld
dependent (MFD) viscosity on the onset of ferroconvection
in a rotating medium, in a porous medium or in a rotating
sparsely distributed porous medium have been examined by
various researchers [25–27].
The establishment of the non-occurrence of any slow oscil-
latory motions which may be neutral or unstable implies the
validity of the ’’principle of the exchange of stabilities’’
(PES). The validity of this principle in stability problems elim-
inates the unsteady terms from the linearized perturbation
equations which results in notable mathematical simplicity
since the transition from stability to instability occurs via a
marginal state which is characterized by the vanishing of both
real and imaginary parts of the complex time eigen value asso-
ciated with the perturbation. Pellew and Southwell [28] proved
the validity of PES for the classical Rayleigh–Benard instabil-
ity problem. However, no such results exist for classical rota-
tory or rotatory-magnetohydrodynamic Benard instability
problem. In case of ferroconvection, Prakash [17] recently de-
rived a sufﬁcient condition for the validity of PES for a hori-
zontal ferroﬂuid layer heated from below. To the author’s
knowledge, no such results (concerning the validity of PES) ex-
ist for rotatory ferromagnetic convection (porous or non-por-
ous medium).
In the present communication, a sufﬁcient condition for the
occurrence of stationary convection in ferromagnetic convec-
tion with magnetic ﬁeld dependent viscosity, for the case of
free boundaries, in porous medium in the presence of a uni-
form vertical magnetic ﬁeld and uniform rotation about the
vertical axis is obtained for the case of free boundaries. While
this case is of little physical interest but it is mathematically
important as it enables us to ﬁnd analytic solutions and to
make some qualitative conclusions. For the case of rigid
boundaries, this is still an open problem. The ﬂow in the por-
ous medium is described by the Darcy equation. A porous
medium of very low permeability allows us to use the Darcy
model. This is because for a medium of a very large stable par-
ticle suspension, the permeability tends to be small, justifying
the use of the Darcy model. This is also justiﬁed because the
viscous drag force is negligible as compared to the Darcy resis-tance due to the presence of a large suspension of particles [27].
The results obtained herein are not wave number dependent
and incorporate a magnetic parameter, thus making the results
more realistic.
2. Mathematical formulation
Consider an electrically non-conducting ferromagnetic Bous-
sinesq ﬂuid layer of inﬁnite horizontal extension and ﬁnite ver-
tical thickness ‘d’ saturating a rotating (with uniform angular
velocity X about the vertical) porous medium heated from be-
low which is kept under the action of a uniform vertical mag-
netic ﬁeldH0. The ﬂuid is assumed to be incompressible having
a variable viscosity [26] given by g ¼ g1ð1þ~d  B
!Þ where g1 is
the viscosity of the ﬂuid when there is no magnetic ﬁeld ap-
plied. The variation coefﬁcient of viscosity ~d has been taken
to be isotropic, i.e., d1 = d2 = d3. Hence, g in the component
form can be written as gx = g1(1 + dB1); gy = g1(1 + dB2);
gZ = g1(1 + dB3). The temperatures at the bottom and top
surfaces z ¼  1
2
d are T0 and T1, and a uniform temperature
gradient b ¼ dT
dz
  is maintained. The ﬂuid layer is assumed to
be ﬂowing through an isotropic and homogeneous porous
medium of porosity 2 and medium permeability k0.
The effect of shear dependence on viscosity is not consid-
ered since it has negligible effect for a mono-dispersive system
of large rotation and high ﬁeld. As a ﬁrst approximation for
small ﬁeld variation, linear variation of magneto viscosity
has been used.
The governing equations for the above model are given by
[26,27]:
The equation of continuity is
r  q+ ¼ 0: ð1Þ
The momentum equation for a ferroﬂuid with variable vis-
cosity is
q0
2
@~q
@t
þ 12 ð~q  r~qÞ
 
¼ rpþ q~g g
k0
~qþr  ðH!B!Þ þ 2
 q0

ð~q X!Þ þ q0
2
rðjX!~rj2Þ ð2Þ
where q
+
; p ¼ p qorðjX
!~rj2Þ;H
+
;B
+
; g;~g ¼ ðo; o gÞ; X!¼
ðo; o;XÞ;2 and k0 denote respectively the velocity, pressure,
magnetic ﬁeld, magnetic induction, variable viscosity, acceler-
ation due to gravity, the angular velocity, porosity, and perme-
ability of the porous medium.
The temperature equation is
qoCV;H  lOH
! @ M
!
@T
 !
V;H
2
4
3
5 dT
dt
þ ð1 2ÞqsCs
@T
@t
þ lOT
@ M
!
@T
 !
V;H
 dH
!
dt
¼ K1r2Tþ U; ð3Þ
where CV,H is the heat capacity at constant volume and mag-
netic ﬁeld, lo is the magnetic permeability, T is the tempera-
ture, M
!
is the magnetization, K1 is the thermal
conductivity, and U is the viscous dissipation containing sec-
ond order terms in velocity.
The density equation of state is
q ¼ qO½1þ aðTO  TÞ ð4Þ
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at some properly chosen mean temperature TO.
The linearized magnetic equation of state is
M ¼Mo þ vðHHoÞ  K2ðT TaÞ; ð5Þ
where Mo is the magnetization when magnetic ﬁeld is Ho and
temperature Ta, v is magnetic susceptibility, K2 is the pyromag-
netic coefﬁcient, Ta is the average temperature.
The basic state is assumed to be quiescent state and is given
by
q
+¼ q+b¼ 0; q¼ qbðzÞ; p¼ pbðzÞ; T¼TbðzÞ¼bzþTa;
b¼T1To
d
; H
+
b¼ HoK2bz
1þv
 
k^; M
+
b¼ MoþK2bz
1þv
 
k^;
HoþMo¼Hexto ð6Þ
Only the spatially varying parts ofHo andMo contribute to the
analysis, so that the direction of the external magnetic ﬁeld is
unimportant and the convection is the same whether the exter-
nal magnetic ﬁeld is parallel or antiparallel to the gravitational
force.
Now, we analyze the stability of basic state by introducing
the following perturbations:
q
+ ¼ ~qb þ~q0; q ¼ qbðzÞ þ q0; p ¼ pbðzÞ þ p0; T
¼ TbðzÞ þ h0; H!¼ H
+
bðzÞ þH
+ 0; M
+
¼M
+
bðzÞ þM
+ 0; ð7Þ
where ~q0 ¼ ðu0; v0;w0Þ; q0; p0; h0;H
+ 0 and M
+ 0 are inﬁnitesimal per-
turbations in velocity, density, pressure, temperature, magnetic
ﬁeld intensity, and magnetization. Substituting Eq. (7) into
Eqs. (1)–(5) and using the basic state solution, we get the line-
arized perturbation equations in the form
@u0
@x
þ @v
0
@y
þ @w
0
@z
¼ 0 ð8Þ
q0
2
@u0
@t
¼  @p
0
@x
þ loðMo þHoÞ
@H01
@z
þ 2qoX2 v
0  g1
ko
u0; ð9Þ
q0
2
@v0
@t
¼  @p
0
@y
þ loðMo þHoÞ
@H02
@z
 2qoX2 u
0  g1
ko
v0; ð10Þ
q0
2
@w0
@t
¼  @p
0
@z
þ loðMo þHoÞ
@H03
@z
 loK2bH03
þ loK
2
2bh
0
ð1þ vÞ þ qogah
0  g1
ko
w0  lo
g1
ko
dðMo þHoÞw0 ð11Þ
qC1
@h0
@t
 loToK2 2
@
@t
@/0
@z
 
¼ K1r2h0
þ qC2b loToK
2
2b
1þ v
 
w0; ð12Þ
where /0 is perturbed magnetic potential, and
qC1 ¼2 q0CV;H þ ð1 2ÞqsCsþ 2 loK2Ho;
qC2 ¼ q0CV;H þ loK2Ho;
ð13Þ
and
H03 þM03 ¼ ð1þ vÞH03  K2h0; H0i þM0i
¼ 1þMo
Ho
 
H0i ði ¼ 1; 2Þ; ð14Þ
where we have assumed K2bd (1 + v)H0.
Eliminating u0, v0, p0 between Eqs. (9)–(11) using Eq. (8), we
obtainq0
2
@
@t
þ g1
ko
 
r2w0 ¼2qoX2
@f0
@z
þqogar21h0 loK2b
@
@z
r21/0
 	
þloK
2
2br21h0
1þv 
g1
ko
r21w0 lo
g1
ko
dðMoþHoÞ r21w0
 	
; ð15Þ
where f0 is the z component of vorticity, given by f0 ¼ @v0
@x
 @u0
@y
.
Eliminating p0 from Eqs. (9) and (10), we obtain the vertical
component of the vorticity equation as
q0
2
@f0
@t
¼ 2qoX2
@w0
@z
 g1
ko
f0: ð16Þ
From Eq. (14), we have
ð1þ vÞ @
2/0
@z2
 1þMo
Ho
 
r21/0  K2
@h0
@z
¼ 0: ð17Þ
Now, we analyze the perturbations w0, h0, f0 and /0 into two
dimensional periodic waves, considering disturbances charac-
terized by a particular wave number k. Thus, we assume to
all quantities describing the perturbation a dependence on x,
y and t of the form
ðw0; h0; f0;/0Þ ¼ ½w00ðzÞ; h00ðzÞ; f00ðzÞ;/00ðzÞ expbiðkxx
þ kyyÞ þ ntc; ð18Þ
where kx and ky are the wave numbers along the x – and y –
directions respectively and k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2x þ k2y
q
is the resultant wave
number.
Using (18) in Eqs. (15), (12), (16) and (17); and non-dimen-
tionalizing the variables by setting
z ¼ z
d
; w ¼ dmw
00; a ¼ kd; f ¼
d2
m
f00; D ¼ d d
dz
;
h ¼ K1aR
1=2
ðqC2Þbmd2
h00;
/ ¼
ð1þ vÞK1aR1=2
K2ðqC2Þbmd2
/00 ko ¼
ko
d2
; m ¼ g1
qo
; Pr ¼ m 2 qC1
K1
;
P0r ¼
m 2 qC2
K1
; d ¼ lodHoð1þ vÞ; R ¼
gabd4qC2
K1m
;
M1 ¼ loK
2
2b
ð1þ vÞaqog
; M2 ¼ loToK
2
2
ð1þ vÞqC2 ; M3 ¼
1þ Mo
Ho
ð1þ vÞ ;
Ta ¼ 4X
2d4
m222 ; x ¼
nd2
m 2 ; ð19Þ
we get (dropping the asterisks for convenience)
1
ko
þ x
 
ðD2  a2Þw a
2dM3
ko
w ¼ aR12½ð1þM1Þh
M1D/  T12aDf; ð20Þ
ðD2  a2  PrxÞh P0rM2xD/ ¼ ð1M2ÞaR1=2w; ð21Þ
1
ko
þ x
 
f ¼ T12aDw; ð22Þ
ðD2  a2M3Þ/ ¼ Dh; ð23Þ
where z is the real independent variable such that 1/
2 6 z 6 1/2, D is differentiation with respect to z, a2 is square
of the wave number, Pr > 0 is the Prandtl number, x is the
complex growth rate, R> 0 is the Rayleigh number, Ta > 0
is the Taylor number, M1 > 0 is the magnetic number,
M3 > 0 is the measure of the nonlinearity of magnetization,
M2 > 0 is a non-dimensional parameter; x= xr + ixi is a
complex constant in general such that xr and xi are real
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w(z) = wr (z) + i wi(z), h(z) = hr (z) + ihi(z), /(z) =
/r(z) + i/i(z) and f(z) = fr(z) + ifi(z) are complex valued
functions of the real variable z such that wr(z), wr(z), hr(z),
hi(z), /r(z), /i(z), fr(z) and fi(z) are real valued functions of
the real variable z.
Since, M2 is of very small order [5], it is neglected in the
subsequent analysis and thus Eq. (21) takes the form
ðD2  a2  PrxÞh ¼ aR1=2w: ð24Þ
The constant temperature ferromagnetic boundaries are
considered to be either free or rigid. Hence, the boundary con-
ditions are:
w ¼ 0 ¼ h ¼ D2w ¼ Df ¼ D/ at z ¼  1
2
and z
¼ 1
2
ðBoth the boundaries are freeÞ ð25Þ
or
w ¼ 0 ¼ h ¼ Dw ¼ f ¼ / at z ¼  1
2
and z
¼ 1
2
: ðBoth the boundaries are rigidÞ ð26Þ
It may further be noted that Eqs. (20) and (22)–(26) describe
an eigen value problem for x and govern ferromagnetic con-
vection, with MFD viscosity, in a rotating porous medium
heated from below.
3. Mathematical Analysis
First of all, it is shown that the validity of the ‘principle of the ex-
change of stabilities’ for the present problem cannot be directly
proved as was done by Pellew and Southwell [28] for the classical
Rayleigh–Benard instability problem. It is shown as follows:
Multiplying Eq. (20) by w* (the superscript henceforth de-
notes the complex conjugation) throughout and integrating
the resulting equation over the vertical range of z, we getZ 1=2
1=2
w
1
ko
þ x
 
ðD2  a2Þwdz a
2dM3
ko
Z 1=2
1=2
wwdz ¼
 aR1=2ð1þM1Þ
Z 1=2
1=2
whdzþ aR1=2M1
Z 1=2
1=2
wD/dz
 T1=2a
Z 1=2
1=2
wDfdz ð27Þ
Using Eqs. (24), (22) and (23) and the boundary conditions
(25), we can write
aR1=2ð1þM1Þ
Z 1=2
1=2
whdz¼ð1þM1Þ
Z 1=2
1=2
hðD2a2PrxÞhdz; ð28Þ
aR1=2M1
Z 1=2
1=2
wD/dz ¼ M1
Z 1=2
1=2
D/ðD2  a2  PrxÞhdz
¼ M1
Z 1=2
1=2
D/D2hdzþM1ða2 þ PrxÞ
Z 1=2
1=2
ðD/Þhdz
¼M1
Z 1=2
1=2
D2/DhdzM1ða2 þ PrxÞ
Z 1=2
1=2
/Dhdz
¼M1
Z 1=2
1=2
D2/ðD2  a2M3Þ/dz
M1ða2 þ PrxÞ
Z 1=2
1=2
/ðD2  a2M3Þ/dz; ð29Þand
T12a
Z 1=2
1=2
wDfdz¼T12a
Z 1=2
1=2
fDwdz¼
Z 1=2
1=2
f
1
ko
þx
 
fdz: ð30Þ
Combining Eqs. (27)–(30), we getZ 1=2
1=2
w
1
ko
þ x
 
ðD2  a2Þwdz a
2dM3
ko
Z 1=2
1=2
wwdz
¼ ð1þM1Þ
Z 1
1=2
hðD2  a2  PrxÞhdz
þM1
Z 1=2
1=2
D2/ðD2  a2M3Þ/dz
M1ða2 þ PrxÞ
Z 1=2
1=2
/ðD2  a2M3Þ/dz
þ
Z 1=2
1=2
f
1
ko
þ x
 
fdz: ð31Þ
Integrating the various terms of Eq. (31) by parts for an appro-
priate number of times and making use of the boundary con-
ditions (25) and the equalityZ 1=2
1=2
wD2nwdz ¼ ð1Þn
Z 1=2
1=2
jDnwj2dz; ð32Þ
where w= w, h, /(n= 1),
we may write Eq. (31) in the form
1
ko
þ x
 Z 1=2
1=2
ðjDwj2 þ a2jwj2Þdzþ a
2dM3
ko
Z 1=2
1=2
jwj2dz
¼ ð1þM1ÞZ 1=2
1=2
ðjDhj2 þ a2jhj2 þ Prxjhj2ÞdzM1
Z 1=2
1=2
ðjD2/j2
þ a2M3jD/j2Þdz
M1ða2 þ PrxÞ
Z 1=2
1=2
ðjD/j2 þ a2M3j/j2Þdz
 1
ko
þ x
 Z 1=2
1=2
jfj2dz: ð33Þ
Now equating imaginary parts of both sides of Eq. (33), we get
xi
Z 1=2
1=2
ðjDwj2 þ a2jwj2Þdzþ ð1þM1ÞPr
Z 1=2
1=2
jhj2dz
"
M1Pr
Z 1=2
1=2
ðjD/j2 þ a2M3j/j2Þdz
Z 1=2
1=2
jfj2dz
#
¼ 0; ð34Þ
It is clear from Eq. (34) that we cannot conclude from it, as in
Pellew and Southwell [28] case (in the absence of magnetic ﬁeld
and rotation) that pr = 0 implies pi = 0 for all a
2 and this is on
account of the fact that the terms containing magnetic ﬁeld
and rotation misbehave as regards their signs in this equation.
However, we can derive a sufﬁcient condition for the validity
of the PES in this case for the case of free boundaries in terms
of the parameters of the system alone. For the case of rigid
boundaries, this is still an open problem.
We now derive a sufﬁcient condition for the validity of PES
for the cases of free boundaries.
Theorem 1. If (w,h,/,f,x), x= xr + i xi, xrP 0, is a
solution of Eq. (20) and (22)–(25) and RM1Prp4 þ Tap2 6 1, then
290 J. Prakashxi = 0. In particular,xr = 0 implies that xi = 0 if
RM1Pr
p4 þ Tap2 6 1.
Proof. Equating imaginary parts of both sides of (33) and can-
celling xi („0) throughout from the resulting equation, we getZ 1=2
1=2
ðjDwj2 þ a2jwj2Þdz ¼ ð1þM1ÞPr
Z 1=2
1=2
jhj2dz
þM1Pr
Z 1=2
1=2
ðjD/j2
þ a2M3j/j2Þdzþ
Z 1=2
1=2
jfj2dz ð35Þ
Now multiplying Eq. (23) by /* and integrating over the ver-
tical range of z, we getZ 1=2
1=2
/ðD2  a2M3Þ/dz ¼
Z 1=2
1=2
/Dhdz;
which givesZ 1=2
1=2
ðjD/j2 þ a2M3j/j2Þdz ¼ 
Z 1=2
1=2
/Dhdz ¼
Z 1=2
1=2
hD/dz
6
Z 1=2
1=2
hD/dz

 6
Z 1=2
1=2
jhjjD/jdz 6
Z 1=2
1=2
jhjjD/jdz
6
Z 1=2
1=2
jhj2dz
 !1=2 Z 1=2
1=2
jD/j2dz
 !1=2
;
ðusing Schwartz inequalityÞ ð36Þ
which implies thatZ 1=2
1=2
jD/j2dz 6
Z 1=2
1=2
jhj2dz
 !1=2 Z 1=2
1=2
jD/j2dz
 !1=2
;
and thusZ 1=2
1=2
jD/j2dz
 !1=2
6
Z 1=2
1=2
jhj2dz
 !1=2
; ð37Þ
Combining inequalities (36) and (37), we obtainZ 1=2
1=2
½jD/j2 þ a2j/j2dz 6
Z 1=2
1=2
jhj2dz ð38Þ
Now multiplying Eq. (22) by f* and integrating the various
terms of the resulting equation by parts for an appropriate
number of times by making use of boundary conditions on f
and w, we haveZ 1=2
1=2
ðjDfj2 þ a2jfj2 þ 1
ko
jfj2 þ xjfj2Þdz ¼ T1=2a
Z 1=2
1=2
fDwdz
¼ T1=2a
Z 1=2
1=2
ðDfÞwdz
Equating the real parts on both sides, we getZ 1=2
1=2
jDfj2þa2jfj2þ 1
ko
jfj2þxrjfj2
 
dz¼
Real part of T1=2a
Z 1=2
1=2
ðDfÞwdz 6 T1=2a
Z 1=2
1=2
ðDfÞwdz


6T1=2a
Z 1=2
1=2
jðDfÞwjdz 6T1=2a
Z 1=2
1=2
jDfjjwjdz
6T1=2a
Z 1=2
1=2
jDfjjwjdz 6T1=2a
Z 1=2
1=2
jDfj2dz
 !1=2 Z 1=2
1=2
jwj2dz
 !1=2
ðusing the Schwartz inequalityÞ ð39Þwhich implies thatZ 1=2
1=2
jDfj2dz 6 T1=2a
Z 1=2
1=2
jDfj2dz
 !1=2 Z 1=2
1=2
jwj2dz
 !1=2
:
ThusZ 1=2
1=2
jDfj2dz
 !1=2
6 T1=2a
Z 1=2
1=2
jwj2dz
 !1=2
Using this inequality in inequality (39), we haveZ 1=2
1=2
ðjDfj2 þ a2jfj2 þ 1
ko
jfj2 þ xrjfj2Þdz
6 Ta
Z 1=2
1=2
jwj2dz ð40Þ
We note that since w and h satisfy w(1/2) = 0 = w(1/2) and
h(1/2) = 0 = h(1/2), we have by Rayleigh–Ritz inequality
[29]Z 1=2
1=2
jDwj2dzP p2
Z 1=2
1=2
jwj2dz ð41Þ
andZ 1=2
1=2
jDhj2dzP p2
Z 1=2
1=2
jhj2dz ð42Þ
Now upon using (41) in (40) and noting that xrP 0, we obtainZ 1=2
1=2
jfj2dz 6 koTa
Z 1=2
1=2
jwj2dz 6 koTa
p2
Z 1=2
1=2
jDwj2dz ð43Þ
Now multiplying Eq. (24) by h* (complex conjugate of h)
throughout and integrating the ﬁrst term on the left hand side
once by making use of the boundary conditions on h, we have
from the real part of the ﬁnal equationR 1=2
1=2ðjDhj2 þ a2jhj2 þ Prxrjhj2Þdz ¼ Real part of
R 1=2
1=2 h
wdz
6
R 1=2
1=2 h
wdz
 
6
R 1=2
1=2 jhwjdz
6
R 1=2
1=2 jhjjwjdz
6
R 1=2
1=2 jhjjwjdz
6
R 1=2
1=2 jhj2dz
 1=2 R 1=2
1=2 jwj2dz
 1=2
ðusing Schwartz inequalityÞ
Combining this inequality with the inequality (42) and the fact
that xrP 0,we obtain
p2
Z 1=2
1=2
jhj2dz 6
Z 1=2
1=2
jhj2dz
 !1=2 Z 1=2
1=2
jwj2dz
 !1=2
;
which implies thatZ 1=2
1=2
jhj2dz
 !1=2
6 1
p2
Z 1=2
1=2
jwj2dz
 !1=2
and thusZ 1=2
1=2
ðjDhj2 þ a2jhj2 þ Prxrjhj2Þdz 6 1p2
Z 1=2
1=2
jwj2dz
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a2
Z 1=2
1=2
jhj2dz 6 1
p4
Z 1=2
1=2
jDwj2dz ð44Þ
Using inequalities (38), (43) and (44) in Eq. (35), we obtainZ 1=2
1=2
ðjDwj2 þ a2jwj2Þdz 6 RM1Pr
p4
Z 1=2
1=2
jDwj2dz
 Rð1þM1Þa2Pr
Z 1=2
1=2
jhj2dzþ koTa
p2
Z 1=2
1=2
jDwj2dz;
which gives
1 RM1Pr
p4
þ koTa
p2
   Z 1=2
1=2
jDwj2dzþ a2
Z 1=2
1=2
jwj2dz
þ Rð1þM1ÞPra2
Z 1=2
1=2
jhj2dz 6 0
and thus we necessarily have
RM1Pr
p4
þ koTa
p2
> 1 ð45Þ
Hence, if RM1Prp4 þ koTap2 6 1, we must have xi = 0.
This establishes the theorem. h
The content of Theorem 1 from the point of view of linear
stability theory is that for the problem of ferromagnetic con-
vection, with magnetic ﬁeld dependent viscosity, in a rotating
porous medium, for the case of free boundaries, an arbitrary
neutral or unstable mode of the system is deﬁnitely non-oscil-
latory in character and in particular PES is valid if
RM1Pr
p4 þ koTap2 6 1.
4. Conclusion
A sufﬁcient condition for the validity of the ‘principle of the
exchange of stabilities’ is derived. The sufﬁcient condition ob-
tained herein is independent of wave number and incorporates
a magnetic parameter, is thus of uniform validity and
applicability.
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